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Optimal control problem Random coefficient

We consider the optimal control problem min,cz J(2), where The random coefficient a¥(a,t) in (2) is assumed
aq o o to have affine dependence on the uncertain vari-

T T
J(2) := R( 9 / |[u¥ (-, 1) — a(-, )5 dt - 9 [u¥ (-, T) — a('aT)H2L2(D)> +7/ |2 D)5 dt (1) ables, and it is modeled by a series expansion
0 0
Y —— o0
a”(x,t) :CLO(mvt)_l_Zijj(w?t) (3)

=:PY(z2)

and a7, as,as > 0 subject to the parametric parabolic partial differential equation (PDE) constraint j=1

Opu¥(z,t) — V - (a¥(z, )Vu¥(x,t)) = z(x,t), z €D, tel, f(})lr ? 161 D,y e U, and t € I, where we assume

the following:
Y(x, t) =0, c 0D, tel, 2 . .

“y(m ) v (2 (i) for all ¢ € I, it holds that ag(-,¢) € L>®(D)

u¥(2,0) = uo(), z <D and ¢;(-,t) € L>°(D) for all j > 1;
for all parameters y € [—=, 2] =: U, with V := Hj(D), V' = H *(D), I :=[0,T], z € L*(V';1) 3 .
is the control, w € L*(V;I) is the target state, ug € L?(D) is a known initial heat distribution, (1) (supser |t (s t)l|Le(p))7s € € for some
and D C R% d ¢ {1,2,3}, is a bounded Lipschitz domain. The set of admissible controls p € (0,1);

@+ Z C L*(V';1) is either Z = L*(V'; 1) or a bounded, closed, and convex set. We consider (i) t > a¥(x,t) is measurable on I:

(R1) the risk neutral expected value risk measure R(-) := / -dy; (iv) there exist constants amin and amax such
U 111 IMax

that 0 < amin < a¥(x,t) < Gmax < 00 for
(R2) the risk averse entropic risk measure R(:) := — In (/ e dy> for some 6 > 0. allc € D, tel,and y € U.
U

!
/

Optimality system Main result

Let R be the expected value or the entropic risk The series (3) is truncated to s terms and the s-dimensional integrals appearing in J and J' are

measure. A control z* is the unique minimizer replaced with randomly shifted lattice quasi-Monte Carlo (QMC) rules with n cubature nodes

E}f; the 1?Jg.)robll.etzm (1)1:—(2) if and only if it satisfies oy — mod(Z + A, 1) — L, ie{l,...,n}
© OPUIHIALLY 5ySLE where z € N® is a generating vector and A € |0,1]° is a uniform random shift. The discretized
Ou¥(z,t) — V- (a¥(x, t)Vu¥(x,t)) = 2" (x, 1), objective remains conver. Let z;, be the optimal control of the discretized optimization problem.
uY(-,t)lap = 0, Theorem |1|. Let R be the expected value or the entropic risk measure. A randomly shifted rank-1
uY(x,0) = ug(x), lattice QMC' rule can be constructed by a fast component-by-component (CBC) algorithm such that
_atqy(wa t) — V- (ay(wv t)vqy(wa t)) \/‘EAHZ* — Z;RH%Q(V,;I) — O(S_2/p+1 +n min{l/p—1/2,1—5}) Yo > O,

_ J a4
ar(u¥(z, 1) —u(@, 1)), where the implied coefficient is independent of s and n.

qY (- t)lop = 0,

qY(x, T) = as(u¥(x,T) —u(x,T)),
2 e Z,

(J'(2*), 2 — 2V pe(veny.2visny > 0 V2 € 2, Let D = (0,1)%, T =1, 6 = 10, and let a¥ be time-independent with ), such that 95| Loo (D) X Y.
A first order finite element method with mesh size h = 27° was used to discretize the PDE spatially
and the implicit Euler method with step size At = 2 - 1072 was used to solve the resulting semi-
discretized equation. The theoretical rates were assessed using fixed z(ax) = 1021 (1 — x1)x2(1 — x2).

Numerical experiments

forxe D, tel,and ycU.
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F V. Kuo and I H. Sloan acknowl We considered recovering the optimal control z* given a certain target state u with 2 = L (V’ v/ )

(unconstrained setting) and Z = B2 y/.1)(2) (constrained setting) with the entropic risk measure.
The reconstruction in the constrained setting with ¥ = 1.3, s = 100, and n = 2!° is illustrated below.
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gradient descent iteration k

QMC discretization preserves the convexity of (1) unlike, e.g., sparse grids which have negative weights,
while exhibiting faster-than-Monte Carlo convergence rates independently ot the dimension s.



